We show how to realize two-zero textures of the Majorana neutrino mass matrix M ν based on modular A 4 invariant models without flavons. In these models, all matter fields are assigned to three inequivalent singlets, 1, 1 ′ and 1 ′′ , of the finite modular group Γ 3 ≃ A 4 . Considering tensor products of the A 4 group, it is easy to make the charged lepton mass matrix M ℓ diagonal. Since not all modular forms of a specific weight and level 3 can be arranged into three inequivalent singlets of A 4 simultaneously, we can always make some entries in M ν vanish by properly assigning the representations and modular weights for the matter fields. We consider two cases where neutrino masses originate from the Weinberg operator and the type-I seesaw mechanism, respectively. For the former case, all seven viable two-zero textures of M ν (A 1,2 , B 1,2,3,4 and C) can be realized successfully. For the latter case, only five of them (namely A 1,2 , B 3,4 and C) can be achieved due to the intrinsic structure of the right-handed neutrino mass matrix M R in our assumption for simplicity. * Email: zhangdi@ihep.ac.cn Compelling evidences obtained from solar, atmospheric, reactor and accelerator neutrino experiments in the last two decades [1] have proved the existence of neutrino oscillations [2] [3] [4] , implying that neutrinos have nonzero and nondegenerate masses, and flavor mixing in the lepton sector exists. The standard model (SM) itself tells us nothing about the quantitative details of Yukawa interactions, thus it is rather challenging to explore the underlying flavor structures of charged fermions and massive neutrinos. It calls for new physics beyond the SM to control the Yukawa couplings of quarks and leptons and understand flavor mixing. In view of the fact that a convincing flavor theory is lacking, approaches such as flavor symmetries and texture zeros or their combinations have been widely explored to shed light on the flavor secrets of fermions.
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have to be constructed carefully.
In the present paper, we impose the modular A 4 symmetry on the action of the lepton sector in an N = 1 supersymmetry model, where no flavons need to be introduced and all chiral superfields are assigned to three inequivalent singlets of the A 4 group, i.e., 1, 1 ′ and 1 ′′ . With the help of tensor products of the A 4 group, it is easy to obtain the diagonal charged lepton mass matrix. Since not all modular forms of a specific weight and level 3 can be arranged into three inequivalent singlets of A 4 simultaneously, there are enough degrees of freedom to properly assign the representations and modular weights for the chiral superfields, leading to two-zero textures of M ν . We consider neutrino masses that originate either from the Weinberg operator [85] or from the type-I seesaw mechanism [10] [11] [12] [13] [14] . In the former case, all seven allowed two-zero textures of M ν , A 1,2 , B 1,2, 3, 4 and C, can be realized successfully. In the latter case, only five of them, A 1,2 , B 3, 4 and C, can be achieved, as constrained by the intrinsic structure of the right-handed neutrino mass matrix M R under discussion.
The rest of this paper is organized as follows. In section 2, we briefly introduce the supersymmetry model with the modular A 4 symmetry and derive modular forms of weights up to 10 and level 3. Then we show the realizations of two-zero textures with modular A 4 invariant models where neutrino masses originate either from the Weinberg operator or from the type-I seesaw mechanism in section 3. The summary and remarks are given in section 4.
Modular A 4 Symmetry and Modular Forms
The infinite modular group Γ is defined by: respectively. The modular group Γ is isomorphic to the projective special linear group P SL(2, Z), which is the quotient group of the 2-dimensional special linear group SL(2, Z) by its center Z 2 = {½, −½}. A series of normal subgroups of SL(2, Z) can be denoted as
with N ∈ {x ≥ 2 | x ∈ Z} and these normal subgroups are all infinite groups. Let us define Γ(2) ≡ Γ(2)/Z 2 for N = 2 and Γ(N) ≡ Γ(N) for N > 2, since Z 2 is not the subgroup of Γ(N) with N > 2. The quotient groups of the modular group Γ by Γ(N), labeled as Γ N ≡ Γ/Γ(N), are called finite modular group, in which T N = ½ is satisfied except for the relation S 2 = (ST ) 3 = ½.
For N = 2, 3, 4, 5 the isomorphisms, Γ 2 ≃ S 3 , Γ 3 ≃ A 4 , Γ 4 ≃ S 4 , Γ 5 ≃ A 5 , hold respectively. Modular forms Y (τ ) of non-negative and even weight k 1 and level N are holomorphic functions of the modulus τ , and they span a linear space whose dimension is dependent on its weight k and level N [9] . In this linear space, it is always possible to choose a basis where modular forms transform under the Γ N group as
where γ ∈ Γ N and ρ is the unitary representation of Γ N . Modular forms play a very significant role in model building to explain fermion masses and flavor mixing [9] . For the case of level 3 corresponding to the group Γ 3 ≃ A 4 , the dimension of the linear space spanned by modular forms of weight k is k + 1. Therefore, for k = 0, there is only one trivial modular form which is a constant and independent of the modulus τ . For k = 2, there are three linearly independent modular forms forming a triplet of A 4 . Then the modular forms of higher weights can be constructed by the products of those of weight 2. To obtain the right number of linearly independent modular forms of higher weights, viz., the right dimension of linear space, there are usually some relations between the products of the modular forms of the lowest non-trivial weight [9] .
The modular forms of weight 2 and level 3 can be constructed by the Dedekind eta-function which is defined in the upper complex plane as
with q = e i2πτ , and written in term of the Dedekind eta-function and its derivative as [9] 
where ω = e i2π/3 . They satisfy the constraint [9]
These three modular forms can be organized into a triplet of A 4 transforming in the 3 irreducible representation of A 4 , denoted as
in which the superscript (2) and subscript 3 characterize the corresponding weight and multiplet of A 4 . With the help of Eqs. (2.9) and (2.10), the modular forms of higher weights can be constructed by means of tensor products of A 4 which are given in Appendix A. Here we only give modular forms of weight up to 10 which are relevant to the following models. For k = 4, there are 5 linearly independent modular forms, arranged into two singlets 1, 1 ′ and one triplet 3 of A 4 :
and the total dimension is 7. For k = 8, there are
corresponding to a total dimension of 9. For k = 10, a total of 11 linearly independent modular forms are arranged into A 4 multiplets as
Modular forms of weights 2, 4, 6 and level 3 in Eqs. (2.10)-(2.12) have been given in [9] while those of weights 8, 10 and level 3 in Eqs. (2.13)-(2.14) are given here for the first time. We see that only at weight k = 8, modular forms can give all three independent singlets 1, 1 ′ , 1 ′′ , while at other weights up to 10, these three singlets can not be given at the same time or there is even no singlet formed by modular forms of weight k = 2. As one can see in section 3, this fact is quite important for the realizations of two-zero textures of the Majorana neutrino mass matrix.
Considering an N = 1 global supersymmetry model with the modular symmetry, the general form of matter action is [87, 88] 
where φ i is the matter chiral superfield. Under the finite modular group Γ N , the modulus τ transforms as shown in Eq. (2.2) and the chiral superfield φ i transforms as [87] γ :
where I i and −k i stand for the representation and modular weight of the chiral superfield φ i respectively. Since the chiral superfield φ i is not a modular form, its weight −k i is not limited to even non-negative integer. To keep the action S invariant under the transformations given in Eqs. (2.2) and (2.16), the superpotential W (φ i ; τ ) and the Kähler potential should transform as [87] 
As an example, the Kähler potential in the following form [9] 2 , 
where 1 denotes the invariant singlet of the modular group Γ N . If the superpotential is required to transform as shown in Eq.
should transform as a multiplet modular form of weight k Y and representation I Y , namely
(2.20)
The weight k Y and representation ρ I Y must satisfy two conditions: k Y = k i 1 + · · · + k in holds and ρ I Y ⊗ ρ I 1 ⊗ · · · ⊗ ρ In contains at least one invariant singlet.
Realizations of Two-zero Textures
In the basis where the charged lepton mass matrix M ℓ is diagonal, there are totally fifteen different two-zero textures of the Majorana neutrino mass matrix M ν [55] [56] [57] . Among them, eight cases have been ruled out by current neutrino oscillation data. Only seven two-zero textures are left compatible with current experimental data at 3σ level [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] . They are usually labeled A 1,2 , B 1,2,3,4 and C, whose specific textures are
in which "×" represents a non-zero entry in the corresponding position. Two-zero textures of the Majorana neutrino mass matrix can be realized either with Abelian symmetry groups [71, [79] [80] [81] [82] [83] or with non-Abelian symmetry groups such as A 4 [74, 84] . But in these flavor symmetry models, a lot of flavons have to be introduced and we must carefully deal with rather complicated potentials of theirs. To reduce the annoying degrees of freedom, we make use of the modular A 4 symmetry to achieve the seven allowed two-zero textures in this work, which is free from flavons. The reason for choosing the A 4 group is that A 4 is the only group who has three inequivalent one-dimensional representations among the non-Abelian discrete groups isomorphic to Γ N . It is natural to assign three-generation leptons to different one-dimensional representations such that the diagonal charged lepton mass matrix can be obtained easily. In addition, not all modular forms of a specific weight and level 3 can be arranged into three inequivalent singlets of A 4 simultaneously, which makes it possible to provide enough degrees of freedom to gain zero entries in the Majorana neutrino mass matrix when all relevant particles are assigned as singlets (1, 1 ′ or 1 ′′ ) of A 4 . The modular forms of weights up to 10 and level 3 forming singlets of A 4 are listed in Table 3 .1. Table 3 .1: The modular forms of weights up to 10 and level 3 which form singlets of
In the present paper, we consider neutrino masses originating either from the Weinberg operator [85] or form the type-I seesaw mechanism [10] [11] [12] [13] [14] . For the former case, the superpotential in the lepton sector is
and for the latter case, it reads
where α, Λ, g, M are constant coefficients and f E,W,N,M (Y ) denote the modular form multiplets. The compact forms of the superpotential in Eqs. (3.2) and (3.3) may hide some arbitrary coefficients associated with independent invariant singlets arising from the same term. As to the Kähler potential, we take the form given in Eq. (2.18). The chiral supermultiplets and a typical assignment of representations and weights are shown in Table 3 .2, where k i , r i and l i (i = 1, 2, 3) are modular weights of the corresponding chiral superfields, and N c i only exist in the case where the type-I seesaw mechanism is applied to generate neutrino masses. And in some specific models, the representation and weight assignments for the chiral superfields given in Table 3 .2 will be slightly modified. Table 3 .2: A typical assignment of representations and weights for the chiral supermultiplets. The chiral superfields N c 1 , N c 2 , N c 3 are only considered in the case where neutrino masses come from the type-I seesaw mechanism.
Textures from the Weinberg Operator
We first consider the case where neutrino masses are generated by the Weinberg operator. All seven allowed two-zero textures listed in Eq. (3.1) can be achieved with different representation assignments and weights for the chiral superfields. We classify the seven allowed two-zero textures into three categories: (i) B 1,2 , (ii) A 1,2 and B 3,4 , (iii) C. If one texture is realized, other textures in the same category can be realized by exchanging or alternating the representations and weights of the corresponding chiral superfields. This feature can be seen from Eq. (3.1) exactly.
In the model-building process, we do not consider any modular forms of weights larger than 10, no matter whether they exist or not and we define the highest weight for modular forms involved in one model as k Y max = max{−2k i , −(k m + r n )} with i, m, n = 1, 2, 3. Usually more than one model can successfully achieve a specific two-zero texture, thus there exists a minimal k Y max . The minimal k Y max for different cases is usually different, due to the special property of modular forms listed in Table 3 .1 and the different textures involved. In the following, we only consider the model whose k Y max is minimal for a specific two-zero texture. All the possible models with larger k Y max but not larger than 10 can be seen in Appendix B.1.
(i) Textures B 1, 2 In this case, the minimal k Y max is 4. We first assign representations for the chiral superfields as those shown in Table 3 .2 and the corresponding weights are
with i, j = 1, 2, 3. The explicit form of the superpotential is
where α, β, γ, λ ij (i, j = 1, 2, 3) are arbitrary coefficients, and it is obvious that no non-trivial modular form is involved in the charged lepton sector. Whereas for the model whose k Y max is larger than 4, non-trivial modular forms are possible to be involved in the charged lepton sector, such as the model with k i = −2, r j = −4 (i, j = 1, 2, 3) and k Y max = 6. After spontaneous electroweak symmetry breaking, the superpotential in Eq. (3.5) leads to the following charged lepton mass matrix and Majorana neutrino mass matrix 1 :
It is clear that the charged lepton mass matrix is diagonal and the Majorana mass matrix is exactly the texture labeled B 2 .
The texture B 1 can not be achieved with the representation assignments given in Table 3 .2. But as mentioned above, the texture B 1 can be obtained by exchanging the representation assignments and weights of L 2 and L 3 as well as those of E c 2 and E c 3 in Table 3 
just corresponding to the texture B 1 . Doing the same thing for L 1 and L 2 , E c 1 and E c 2 still gives the texture B 2 , and alternating the representation assignments and weights in the order,
(ii) Textures A 1,2 and B 3, 4 In this case, the minimal k Y max is 8 larger than that in the case (i). We first assume the representation assignments for the chiral superfields to be those in Table. 3.2, and the weights for the chiral superfields are
with which the superpotential is given by
where x = 0 or 4, y = 0 or 6 and z = 0 or 4 with Y (0) 1 being constant and independent of τ . In the charged lepton sector, non-trivial modular forms can get involved if r 1 = 4, r 2 = 4 and r 3 = 2 do not hold simultaneously. The charged lepton mass matrix remains diagonal no matter what values of r 1 , r 2 and r 3 are taken. The charged lepton and Majorana neutrino mass matrices turn out to be
which coincide with the texture B 4 . Similar to the case (i), exchanging the representation assignments and weights of L 2 and L 3 together with those of E c 2 and E c 3 in Table 3 .2 and Eq. (3.8) leads to the texture B 3 . The texture A 2 can be obtained by exchanging the representation assignments and weights of L 1 and L 3 and also those of E c 1 and E c 3 . Note that exchanges between any two chiral superfields like before can not give the texture A 1 . Instead, it needs to alternate the representation assignments and weights of L i and those of E c i with i = 1, 2, 3. More specifically, alternating the representation assignments and weights in the order,
, results in the texture A 1 . In fact, exchanging or alternating the representation assignments and weights of the chiral superfields corresponds to the permutations of mass matrices which are just the relations between the textures in one category.
(iii) Texture C
The minimal k Y max in this case is 10. Taking the representation assignments in Table 3 .2, there are two totally different choices of the weights for the chiral superfields. One of them is 11) and the other is given by k 1 = k 3 = −5 , k 2 = −3 , r 1 = −1 or 5 , r 2 = −1 or 3 , r 3 = 1 or 5 . Then the superpotential reads:
where x ′ = 0, 4 or 8, y ′ = 0 or 4, z ′ = 0, p = 8 and q = 6 for the weights in Eq. (3.11) , and x ′ = 0 or 6, y ′ = 0 or 4, z ′ = 0 or 4, p = 10 and q = 8 for the weights in Eq. (3.12) . No matter whether non-trivial modular forms have a hand in the charged lepton sector or not, the charged lepton mass matrix remains diagonal. Then the charged lepton and Majorana mass matrices are given by
So we arrive at the texture C exactly. The texture C can also be obtained if we exchange the representation assignments and weights of L 2 and L 3 and those of E c 2 and E c 3 in Table 3 .2 and Eq. (3.11) or Eq. (3.12).
Textures from the Seesaw Mechanism
Embedded into the tpye-I seesaw mechanism where three right-handed neutrinos are introduced, the two-zero textures can be also realized. Due to three new degrees of freedom, the situation becomes more complicated than the case where neutrino masses originate from the Weinberg operator. For simplicity, we assume that the representation assignments of three right-handed neutrinos are fixed as given in Table 3. 2. In addition, we fix the mass matrix of right-handed neutrinos to the following form: First, we consider the representation assignments exactly given in Table 3 .2 and the following weights: k 1 = k 3 = −4 , k 2 = −6 , l 1 = l 2 = l 3 = 0 , r 1 = 4 , r 2 = 2 or 6 , r 3 = 0 or 4 , (3.16) with k ′ Y max = 6. Then the superpotential can be written in a explicit form:
where x ′′ , y ′′ = 0, 4. After spontaneous electroweak symmetry breaking, the mass matrices read
for charged leptons which is diagonal and
for neutrinos, where M R has the structure given in Eq. (3.15) and M D has four zero entries. With the help of the seesaw formula, the effective neutrino mass matrix turns out to be
which is exactly the texture B 3 . The textures B 4 and A 1,2 can not be realized with k ′ Y max = 6 and the representation assignments given in Table 3 .2, as can be seen in Appendix B.2. Nonetheless, if we keep the representation and weight assignments of the right-handed neutrinos unchanged and exchange the representation assignments and weights of L 2 and L 3 together with those of E c 2 and E c 3 given in Table 3 .2 and Eq. (3.16), we can obtain the texture B 4 . Similarly, exchanging the representation assignments and weights of L 1 and L 2 and those of E c 1 and E c 2 gives the texture A 1 . The texture A 2 can be achieved by alternating the representation assignments and weights of L i and E c j in the order,
For the texture C, the minimal k ′ Y max is 6 with a five-zero texture of M D which can be seen from Appendix B.2. But here we only consider four-zero textures of M D as mentioned above. In this case, the minimal k ′ Y max is 8. The representation assignments are given in Table 3 .2 and the weights are k 1 = −8 , k 2 = k 3 = −6 , l 1 = l 2 = l 3 = 0 , r 1 = 0, 4 or 8 , r 2 = 2 or 6 , r 3 = 6 , (3.22) or
Then the superpotential is given by 24) with x ′′′ = 0, 4, 8, y ′′′ = 0, 4, p ′ = 0 for the weights in Eq. (3.22) , and x ′′′ = 0, 4, 8, y ′′′ = 0, 4, p ′ = 6 for the weights in Eq. (3.23). The above superpotential gives the following charged lepton and neutrino mass matrices: 25) and
With the seesaw formula, we can obtain the effective neutrino mass matrix:
(3.28)
The effective neutrino mass matrix in Eq. (3.27) is just the texture C. If the representation assignments and weights of right-handed neutrinos keep unchanged and those of L 2 and L 3 as well as of E c 2 and E c 3 are exchanged, it also leads us to the texture C. One can see that two-zero textures of the Majorana neutrino mass matrix can be realized in the modular A 4 invariant models without flavons, where neutrino masses originate either from the Weinberg operator or from the type-I seesaw mechanism. However for the latter case, thanks to the intrinsic structure of the right-handed neutrino mass matrix in our assumption for simplicity, only five textures can be achieved. Some comments on the results are in order.
• It is easy to see that all the models that we have considered can not give any new constraints on two-zero textures of the Majorana neutrino mass matrix, which means that these results can not give any new phenomenological predictions compared to previous works. Since the phenomenological consequences of these two-zero textures have been systematically studied , there is no need to discuss these issues repeatedly in this work.
• After the modulus τ acquires its VEV τ , the modular A 4 symmetry is broken. In general, the modular forms given in Table 3 .1 which form the three inequivalent singlets of Γ N are all not zero at τ . However, in some special cases, such as at the stabilizers, some modular forms that we have considered can be zero. This can make the zero entries in the Majorana neutrino mass matrix increase, that is to say, not all τ s can guarantee the obtained two-zero textures of the Majorana neutrino mass matrix. For example, at the stabilizer τ = τ L = −1/2 + i √ 3/2 [19, 26] , Y
= 0 holds, so all the models involving these four modular forms can no longer give two-zero textures of the Majorana neutrino mass matrix.
• It is obvious that for models realizing different two-zero textures of M ν , the minimal k Y max or k ′ Y max is different. As seen in appendix B, the modular weights of modular forms need to achieve 10 so as to successfully realize all seven two-zero textures of M ν in the case where neutrino masses originate from the Weinberg operator. For the textures with minimal k Y max smaller than 10, there are more choices to achieve the textures. While in the case where the type-I seesaw mechanism is introduced to generate neutrino masses, the modular weights of modular forms only need to reach 6 to give five of the two-zero textures of M ν . The reason is that there are more degrees of freedom induced by three right-handed neutrinos compared to the former case. If we loose the limit on the modular weights involved, there will be more different models to realize two-zero textures of M ν .
• Actually, to successfully realize two-zero textures of M ν in our framework, it is very essential that not all modular forms of a specific weight and level 3 can form three inequivalent singlets of A 4 simultaneously as shown in Table 3 .1. This property makes it possible to gain zero entries in the Majorana neutrino mass matrix and keep charged lepton mass matrix diagonal at the same time. In principle, this approach can be applied to the Dirac neutrino case or the quark sector to achieve some interesting zero textures.
Summary and Remarks
In this work, we have made the first attempt to realize the phenomenology favored two-zero textures of the Majorana neutrino mass matrix M ν with the modular symmetry and without flavons. We have considered modular A 4 invariant models and derived the modular forms of weights up to 10 and level 3 which are holomorphic functions of the modulus τ and can be arranged into representations of the finite modular group Γ 4 ≃ A 4 as shown in Eqs. (2.10)-(2.14). To keep the models invariant under modular transformations, the chiral superfields and coupling constants or the right-handed neutrino mass matrix in the type-I seesaw mechanism which are regarded as modular forms must transform in the way given by Eqs. (2.16) and (2.20) .
The representations and weights of the chiral superfields and modular forms have to satisfy the conditions that the relation k Y = k i 1 + · · · + k in holds and ρ I Y ⊗ ρ I 1 ⊗ · · · ⊗ ρ In contains at least one invariant singlet. We assign all chiral superfields into the three inequivalent singlets, 1, 1 ′ and 1 ′′ , of the A 4 group. Since not all modular forms of a specific weight and level 3 can be arranged into three inequivalent singlets of A 4 simultaneously as shown in Table 3 .1, the charged lepton mass matrix can be made diagonal easily and the zero entries of M ν can be achieved by properly assigning the representations and modular weights of the chiral superfields.
We have considered two cases where neutrino masses originate from the Weinberg operator and the type-I seesaw mechanism, respectively. In these two cases, we have defined k Y max and k ′ Y max , respectively, which stand for the maximal weight involved in a specific model. For a given two-zero texture, usually several models with different k Y max or k ′ Y max can realize the structure. Thus we only discuss models with minimal k Y max or k ′ Y max in detail. In the case where neutrino masses come from the Weinberg operator, all seven allowed two-zero textures of M ν can be realized successfully, and the models with minimal k Y max have been discussed in Section 3.1. In the case where neutrino masses originate from the type-I seesaw mechanism, for simplicity, we fix the representation assignments and the mass matrix M R of three right-handed neutrinos as shown in Table 3 . 
Due to the intrinsic structure of M R in Eq. (3.15) , no matter whether flavor symmetries are imposed or not, only the textures A 1,2 , B 3,4 and C can be achieved. For a specific two-zero texture of M ν , there are actually many textures of M D and models to achieve it. We only consider four-zero textures of M D and then the models with minimal k ′ Y max . All the other possible models realizing two-zero textures of M ν and the relations between these models have been discussed and shown in Appendix B. However, we can not obtain any new constraints to enhance the phenomenological predictive power of two-zero textures in these models and in some special case, the VEV of the modulus τ will destroy the obtained two-zero textures.
We remark that it is interesting and instructive to realize two-zero textures of the Majorana neutrino mass matrix by imposing modular symmetries since there is no need to introduce a large number of flavons and it correlates approaches of the flavor symmetry and texture zeros to get an insight into the lepton flavor problem. It inspires us to explore modular symmetries of different levels and take different representation assignments for the chiral superfields in order to find some new constraints to enhance the phenomenological predictive power of two-zero textures of M ν . In principle, this approach can be applied to the Dirac neutrino case or the quark sector to achieve some fascinating zero textures. denoted as S and T . These two generators satisfy the relations
The twelve elements can be divided into four conjugate classes, so the A 4 group admits four irreducible representations -three inequivalent one-dimensional representations, 1, 1 ′ , 1 ′′ and one three-dimensional representation, 3. The irreducible representations of the A 4 group in a specific basis is given in Table A .1, where ω = e 2πi/3 . With the representations shown in Table A .1, the decomposition of tensor products is
Note that the decomposition of tensor products is unique, while the specific forms of reduced tensors are dependent on the representation of the A 4 group, which can be seen from refs. [5] [6] [7] . 
Appendix B All Models Achieving Two-zero Textures B.1 The Weinberg Operator
In Section 3.1, with neutrino masses originating from the Weinberg operator, we only give the model with minimal k Y max in each case. Here we list all models with the representation assignments given in Table 3 .2 and higher k Y max but not larger than 10 in Table B .1. As one can see, only the textures B 2 , B 4 and C can be achieved with the exact representation assignments given in Table 3 .2. Nevertheless, the textures A 1,2 and B 1,3 can be obtained by exchanging or alternating the representation assignments and weights of the chiral superfields in these models leading to B 2,4 and C. For example, all the models generating the texture A 2 can be obtained by exchanging the representation assignments and weights of L 1 and L 3 together with those of E c 1 and E c 3 in all these models giving the texture B 4 , which is denoted as
to represent exchanging the representation assignments and weights of φ i and φ j (or alternating those of φ i , φ j and φ k ), with φ being the chiral superfield. Then similarly, we have
which give all the other possible models. 
B.2 The Type-I Seesaw Mechanism
In the case where the type-I seesaw mechanism is used to generate neutrino masses, the situation is much more complicated. Given the right-handed neutrino mass matrix in Eq. (3.15), all the Dirac neutrino mass matrices which can give two-zero textures of M ν are listed in Table B .2 before considering any symmetries. Only four-zero and five-zero textures of M D can be realized with the modular A 4 symmetry. Since there are so many models leading to two-zero textures of M ν , we do not list the representation assignments and weights for every model, as what we have done in the case where neutrino masses come from the Weinberg operation. Instead, for a given two-zero texture of M ν and a specific representation assignment, we only list the number of different models Table B .3: All possible models leading to two-zero textures of M ν with maximal weight not larger than 10. The "1" stands for the representation assignments given in Table 3 .2 exactly and "i ↔ j" (or "i → j → k → i") represents exchanging the representation assignments of L i and L j as well as those of E c i and E c j (or alternating representation assignments of L i,j,k and E c i,j,k in the corresponding order) in Table 3 .2. The entries x, y, z in a triad (x, y, z) stand for the identifier of achieved M D given in Table B .2, the number of different models and the minimal k ′ Y max among those models, respectively. Table 3 .2 exactly and "i ↔ j" (or "i → j → k → i") represents exchanging the representation assignments of L i and L j as well as those of E c i and E c j (or alternating representation assignments of L i,j,k and E c i,j,k in the corresponding order) in Table 3 .2. And the entries x, y, z in a triad (x, y, z) stand for the identifier of the achieved M D given in Table B .2, the number of different models and the minimal k ′ Y max among those models, respectively. For example, the triad (5, 6, 10) in the fifth column of the third row means that to achieve the texture A 2 with the representation assignments given by exchanging those of L 2 and L 3 together with those of E c 2 and E c 3 in Table 3 .2, there are totally six different models with different weight assignments and the minimal k ′ Y max = 10, and all such models give the texture of M D shown in the sixth column and the third row of Table B .2. One can see that there are similar relations among the models leading to different two-zero textures of M ν like those in Eq. (B.2). These are induced by the permutation relations of different two-zero textures of M ν and textures of the corresponding M D .
